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Abstract. Let y be a smooth connected manifold, S C C an open set and 
((T, y) — > iPy (cr) a family of unbounded Fredholm operators D C Hi — > H2 
of index depending smoothly on {y,cr) £ y X T, and holomorphically on 
(T. We show how to associate to under mild hypotheses, a smooth vector 
bundle — >■ y whose fiber over a given y G y consists of classes, modulo 
holomorphic elements, of meromorphic elements if> with I^yip holomorphic. As 
applications we give two examples relevant in the general theory of boundary 
value problems for elliptic wedge operators. 



1. Introduction 

It has long been recognized that, as with uniformly elliptic linear operators on 
smooth bounded domains, also for other classes of linear elliptic operators A it is 
the case that boundary conditions should be expressed as conditions on (some of) 
the coefficients of the asymptotic expansion at the boundary of formal solutions 
of Au — f. Such asymptotic expansions are proved to exist in many instances, 
for example for elliptic 6-operators or operators of Fuchs type (Kondrat'ev [B], 
Mehose 0, Mehose and Mendoza [IHIIII], Rempel and Schulze [12], Schulze [T5] . 
in an analytic context Igari [S], etc.), where such expansions, well understood, 
form a finite dimensional space (Lesch [7]). More generally, such expansions also 
exist under some conditions for elliptic e-operators (Mazzeo [5] , and in a somewhat 
different context, Costabel and Dauge and Schmutzler [T31II1]). These classes, 
which include regular elliptic differential operators, come up in certain geometric 
problems on noncompact manifolds. Slightly modified, they are central in the 
analysis of elliptic problems on compact manifolds with singularities (conical points, 
edges, and corners, for instance). 

Because of their importance and potential applicability there is great interest in 
developing the tools to handle boundary value problems for these classes. To this 
end we present here the definition of a smooth vector bundle whose sections are the 
principal parts of the analogues of the traces (in the sense of boundary values) in 
the case of classical problems. Boundary conditions are to be imposed as differential 
or pseudodifferential conditions on these sections. We refer to the vector bundle as 
the trace bundle. It depends, in general, on the differential operator itself. 

To give some concrete context, consider first the case where A is a. regular elliptic 
linear differential operator of order m > on a manifold with boundary. After 
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localization and flattening of the boundary, 

k+\a\<.m 

in a neighborhood of in IR+ x M". The coefficients are smooth, the boundary is 
X — Q and the interior of the manifold contains the region x > 0. The operator 
P — x'^A is an example of an edge operator, and x^'^P (so A itself) an example 
of a wedge operator. The operator P is equal to 

A;+|a|<m 

where Pk{cr) = (ct + i{k — l)){a + i{k — 2)) • • • tr. The Ansatz that a formal solution 
of Pu = is a formal series in (possibly complex) powers of a; at x = leads to the 
conclusion that in fact u has a classical Taylor expansion, 

oo 

u ~ y^^Uk{y)x''. 

The primary reason for this can be seen through the same analysis as with ordinary 
differential operators with regular singular points: the indicial equation for the 
operator above is a„i^o(0, y)Pm{<^) — 0, an equation whose roots arc the elements of 

X = {0, -i, -2i, ~i{m - 1)}. 

These are the only roots because amfl{0,y) is invertible due to the assumed ellip- 
ticity of A. The coefhcients of x^"^ with a G 2 in the formal Taylor expansion of a 
solution of Au = are the objects on which conditions are placed. The upshot of 
this brief analysis is that if A acts on sections of a vector bundle E, then the trace 
bundle of A is the direct sum of m copies of the restriction of E to the boundary; 
this may be viewed simply as the kernel of x™D™ . This leads to the trivial complex 
vector bundle of rank m if A is a scalar operator. 

This analysis generalizes, with a different conclusion, to operators of the form 
A = x^^^P where P is an edge operator, 

au,c.A^,y.z){xD^)\xDyYD^,, 

k+\a\ + \f}\<m 

(see [5]) where again ak,a,p is smooth and, in the simplest case, z ranges in a 
compact manifold Z without boundary; Z is a point in the case of a regular elliptic 
operator. Loosely speaking, the variable y lies in an open set some Euclidean space, 
more generally in manifold 3^, while x > 0. The case y = {pt.} models conical 
singularities. Edge-ellipticity of P is the property that its edge symbol, 

^ afe,,^^(a;,y,z)^S7"C^ 

k+\a\ + \l3\=m 

is invertible if (^, r/, C,) 7^ 0. If P is e-elliptic, its indicial family, 
n(^)= E ak,oA^,y.z)a^Dl 

k+\a \ <m 

is elliptic as a family of differential operators on Z (typically acting on sections of 
a vector bundle). This family depends smoothly on (?/,cr) and holomorphically on 
(T G C. For any given y the elements a for which Vyia) is not invertible forms a 
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closed discrete set speCf,(Pj^) C C called the boundary spectrum oi A a,t y (see 
by a well known trick, this set is the spectrum of an operator. Quite evidently, 
speCj(Py) typically depends on y. If 2^ is a manifold with boundary, then the 
indicial family is accompanied by homogeneous boundary conditions coming from 
the original setup — again making the &-spectrum discrete for each y. The possible 
dependence on y may lead, because of variable multiplicity, to the effects referred 
to in the literature as branching asymptotics making the analysis of boundary value 
problems for A — x^™'P considerably more difhcult in comparison with the classical 
case. 

It is this branching that we address here. What concerns us is the global def- 
inition of the trace bundle, specifically, its structure: in order to develop a 
general theory of boundary value problems for elliptic operators such as A, a global 
problem by its very nature (consider for instance the APS boundary condition), 
one needs to be able to refer to traces as global objects. 

The rest of the paper is organized as follows. 

We collect in Section [5] all the assumptions underlying our construction of a 
vector bundle and definition of its C°° structure, of a vector bundle closely related 
to the trace bundle. This vector bundle, which we call the kernel bundle, is defined, 
as a set, in Section |3l see Theorem 13.21 Our approach — defining the kernel bundle 
rather than a trace bundle directly — allows for enough generality to treat at the 
same time trace bundles both when Z closed and when dZ ^ (the latter case 
with some boundary condition) . Allowing for such generality opens the door to use 
an iterative approach to handle the more complicated situations that arise in the 
presence of a stratification of the boundary. 

We construct the putative smooth frames in Section |4l An equivalent version of 
these local frames was already defined by Schmutzler [ISlIll] using Keldysh chains, 
however, these papers do not address the regularity of the transition functions. 

Our construction of the special frames lends itself to be readily used to show, in 
Section [5l that two frames of the same kind are related by smooth transition func- 
tions, in other words, that the kernel bundle has a smooth vector bundle structure, 
see Theorem 15.11 This structure is natural in that the property that a section is 
smooth can be checked intrinsically. The proof of Theorem 15 . 1 1 relies heavily on the 
smoothness and nondegeneracy of a pairing between the kernel bundle (associated 
to a family of operators) and that of its dual. This result is stated as Theorem 15. 31 
its proof relies heavily on ideas used in |4] . Section [5] is at the heart of this work. 

The last two sections provide examples. In Section |6l the first of these two 
sections, we consider the case of a general elliptic wedge operator P G Diff™, 

where the boundary fibration has compact fibers. In the second. Section [71 we 
illustrate with a toy example (motivated by what would be codimension 1 cracks 
in linear elasticity) the use of the kernel bundle when the fibers of the boundary 
fibration (the Z) are nonclosed. 

2. Set up 
Let 3^ be a connected manifold and 

smooth Hilbert space bundles. Further let ^ — > 3^ be another smooth Hilbert space 
bundle continuously embedded in M\ with fiberwise dense image and such that the 
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trivializations of (smooth and unitary) restrict to smooth trivializations of '2 . 
We write iJi, i?2 and T> for the model spaces. 

Let E an open connected subset of C. With vr : 3^x E — ^ 3^ denoting the canonical 
projection, let 

^ : TT*^ C 7r*^i ^ TT*^ (2.1) 
be a smooth bundle homomorphism covering the identity consisting of fiberwise 
closed Fredholm operators depending holomorphically on a. Suppose further that 
for each y £y there is cr S E such that 

^yia) : % C ^x.y ^ M.y (2.2) 

is invertible. Passing to trivializations over an open set [/ C (|2.1|) becomes a 
smooth family 

holomorphic in a. 

Since (|2.2p is Fredholm for all cr S E and invertible for some such a, 

singj(,^y) = {(T G E : ^y{(j) is not invertible} 

is a closed discrete subset of E and 

sing,(^) = {{y, a) e :y X E : a G sing^il^y)}. 

is a closed subset of 3^ x E. The notation is motivated by the corresponding objects 
in the context of b- and e-operators, specj, and speCg (see [1], [H], also [3]). We will 
assume the stronger condition that 

singf,(^y) is a finite set for each y £y and singg(^) is closed in 3^ x C. (2.3) 

The condition that singg(,^3^) is closed in 3^ x E means that for every yo € y there 
is (5 > and a neighborhood U of yo such that dist(singj(^y), C\E) > 6 ii y G U. 

Write £Py{a)* for the Hilbert space adjoint of (|2.2p . Assume that the domains 
of the £Py{a)* join to give another smooth Hilbert space bundle continuously 
embedded in and such that the smooth unitary trivializations of J^2 restrict 
to triviahzations of Defining ^y{(j) = ^y{a)* we obtain another smooth 

homomorphism 

depending holomorphically on cr, where now tt is the projection 3^ x E ^ 3^, which 
satisfies the same Fredholm, analyticity, and invertibility properties as 

3. The kernel bundle 

If is a Hilbert space and C C is open, we write Tl{V, K) for the space of 
meromorphic iiT- valued functions on V and ^^(V, K) for the subspace of holomorphic 
elements. Thus / G 2H(y, K) if there is, for each ctq G a number /ito G No such 
that (T I— > (cr — <tq)^° f{<T) is holomorphic near <tq. Suppose d is open and has 
smooth (or rectifiable) boundary. If / G 931(1/, K) has finitely many poles in Q, and 
no poles on then the sum of the singular parts of / at each pole in Q, is given 
by 

sy(/)(^) = f / P^dC, H»l 
27r JdnQ-<^ 

with the positive orientation for dO.. Replacing 51 by a disjoint union of open discs 
with small radii, each containing at most a single pole of / and contained in we 
see that the formula determines an element of 9Jl(C,isr). 
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Let V be an open subset of S. Since a ^y{<T) is holomorphic, it gives maps 
so there is an induced map 

[^y]v : m{v,%)/^j{v,%) ^ m{v,jf2.y)/^j{v,M.y). (s.i) 

Any element [(/)] G ker[^^j,]y is represented uniquely by the sum of the singular 
parts of any given representative (/) at the various poles in V. Define 

Thus J^y is canonically isomorphic to the kernel of [.^y]j:. It is a vector space over 
C, finite-dimensional due to (I2.3P and the various other hypothesis made on An 
element of J(fy is in particular a ^^-valued meromorphic function on C with poles 
contained in sing^ ( ) ; and if the element is regular, then it is the zero function. 
It is also convenient to define, if ctq G S 

where D is a disc in S centered at ctq with 

singb(^j,)ni^\{ao} = 0. 

Thus 

■^y = '^y.o-Q- 

(Toes 

Theorem 3.2. Define 

— I I J^y, TT ; — S> 3^ the canonical map, 

vey 

and let .^""{y; J^) be the space of right inverses of t: which viewed as V-valued 
functions on (y x C)\singg('P) by way of the trivializations of are smooth in 
the complement of siiig^(^) and holomorphic in a. If (|2.3|) holds, then tt : — > 3^ 
has a smooth vector bundle structure with respect to which its space of C°° sections 
is .^°°{y; JT). 

We may replace y by an open subset U C y in all of the above, in which case 
we naturally write, with only slight abuse of the notation, 3§°°{U ; J(f). 

Definition 3.3. The vector bundle J(f — ;> 3^ is the (meromorphic) kernel bundle 
of ^. 

Since .^{a) commutes with multiplication by functions that depend only on ?/, 
£§°°{y; Jf) is certainly a module over C°°{y). 

The proof of Theorem [32] will occupy the next two sections. In the first of these. 
Section m we will find for every yo ^ y, a. neighborhood U of yo over which J^i, 
and J^?2 are trivial and elements 

</)j,, G^°°(C/;^), s = l,...,S, j = l,...,Js, i = 0,...,Ls^,-l (3.4) 

giving a pointwise basis of J^y for each y G U. Then we will show, in Section [SJ 
that for any (j) G S§°°{U ; ,J^), the functions fl'^ such that 
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are smooth. Consequently, declaring the 4>sj,e to be a frame over U gives the 
desired smooth vector bundle structure. The somewhat peculiar indexing of the 
components of the frame reflects the nature of the problem, as will be clear as we 
develop the proof. 

4. Frames 

Fix 2/0 G y. In the rest of this section we will work in a neighborhood of j/o over 
which a^, M\ and M'l are trivial. We write Vy(a) : V C Hi ^ H2 for the family 
viewed on the trivialization and write singf,('Py) in place of singj,(^j^) and singg(P) 
for the part of singg(i^) over the given neighborhood of yo- In this section we aim 
at finding a neighborhood U of j/o and elements (|3.4p giving a basis of ,Xy for each 

y e [/. 

Denote by cr^, s = 1, . . . , Sy^, the points in sing^(^Fj,g). Let Kg C V and Rg C H2 
be, respectively, the kernel and image of Vya{<Js)- The latter space is a closed 
subspace of H2. The spaces Kg and Rj: are finite-dimensional subspaces of Hi and 
H2, respectively, of the same dimension because 'Py„{(j) has index 0. Write 'Py[a) 
in the form 

Ks Ri 

© ^ © ; (4.1) 
Rs 



the pl j are smooth in (y, a) and holomorphic in cr. The space is the subspace 
of V orthogonal to Kg with respect to the inner product of Hi. Likewise, the space 
Rj- is the orthogonal of Rg in H2. All entries except 2 vanish at {yo,as), and 
Ps 2(2/0, crs) is invertiblc. 
There is e > such that 

(1) the family of discs 

£'s,2e = {cr : |cr - (Ts| < 2£}, S^l,...,Syg 

is pairwise disjoint with each D(as, 2e) contained in E; 

(2) for each s, Ps_2(2/o, o") is invertible if ct G Ds,2£- 

By continuity, (2) implies there is a connected neighborhood U of i/q such that 

(3) for each s, p^2(2/>cr) is invertible if (y,cr) G [/ x Dg^. 
Define *P.(y,CT) : isTs ^ i?,^ for (y,(7) G J7 x Ds^e by 

^s-P^,i-p12(pL)"'Pm- (4.2) 

In view of (3), the invertibility of 'Py{cr) if cr G Z^s.e is equivalent to that of *Ps(y, cr). 
In particular, by (1), *Ps(yo,cr) is invertible if cr G Dg i\{as}- 

The spaces Ks and i?^ have the same dimension so, after fixing a basis for each 
of these spaces, it makes sense to talk about the determinant of a map Kg — > R^- 
Let then qs ~ detCp^ be computed with respect to some such pair of bases. This is 
a smooth function on J7 x Da^,e, holomorphic in cr G I?s,e and gs(yo,cr) is nonzero 
on Ds.e\{(Js} by (1). Note that 

singf,(:Py) n Ds^e = {cr G : qsijj, cr) = 0}. 

Shrinking U further we may thus also assume that 
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(4) for each s, Qs is nowhere zero in [/ x {ct : e/2 < |cr — CTsI < e}, equivalently, 
yeU=^ singb(7'j,) C |J Ds,e/2- 

s=l 

It follows from (4) that the number of zeros, counting multiplicity, of the function 

Ds,£ 3 (7 ^ qs{y, cr) e C 

is independent of y G U; we assume throughout that U is connected. Letting 
ds be that number, we have in particular that the function qs{yQ,a) factors as 
((7 — as)'^'hs{(j) where /i^, defined in is holomorphic and vanishes nowhere in 
its domain. 

For each y let 

This space is canonically isomorphic to the kernel of the operator 

miD,^„K,)/PjiD,^„K,) ^m{D,,„Ri)/Sj{D,^„Rj) (4.3) 

induced by ■). The elements of Kg^y are ii's-valued meromorphic functions on 

C with poles in n singj(7'y). Indeed, CPs(2/,cr)~^ is meromorphic in Dg ,. with 

poles in £'s,£/2 n smg^{Vy). 

By [4, Lemmas 5.2 and 5.5] there are elements ^j^Q iuoj o") S -^s.^o, j = ^, ■ ■ ■ , Js, 
with pole only at as of some order Lsj such that 

(a) the elements 

^fjiyo,^) ^ SD^Ai'^ - '^^y^f.oiVo,'^)), j = l,...,Js, i = 0,...,Ls,j-l (4.4) 
form a basis of M.s.yg , 

(b) the values of the (cr — as)^'''^4'fo (2/0, cr) at tJs from a basis of Kg, 

(c) the i?^-valued functions 

/3,,,(a) =*;5,(yo,a)(</>fo(2/o,a)) (4.5) 

are holomorphic in I?s,e and their values at ctj form a basis of R^. 
Define 

0^1 - Si3...((^ - a,)^'P,(y,a)-i(/3,j(a))), ^ = 0, . . . , L,,, - 1, j = 1, . . . , J,. 

Remark 4.6. Condition (4) above implies that the elements (/)j^|(y,CT) are holo- 
morphic in the complement of 

{U X D.^./a) nsing,(A) 

in J7 X C. 

Lemma 4.7. There is a neighborhood U' <ZU of yo such that for each y' G U' the 
restrictions to {y — y'} of the functions (f>^^ give a basis of Rs,y'- 

Proof. We first argue that dim.^s.j, — dg for all y ^ U. By [H Lemma 5.5] the 
dimension of ^s,yo is ds = ^s,j- This is also the number of zeros of Qsiyo-: ■) in 
Ds i; counting multiplicity (i.e., the order of vanishing of Qsiyo, •) at ct^, its single 
zero). To see this, note that the elements (cr — crs)^^0j^o (yo, cr) are holomorphic 
at a = as and that their values there, therefore also nearby, form a basis of Kg- 
We noted that the f3s,j{o-) in (|4.5p give a basis of i?^ when a — as, hence also for 
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a near as. With respect to these bases, the matrix of *Ps(?/o,ct) is diagonal with 
entries {a — (Ts)^\ therefore det*Ps(?/o, cr) = Jljl'^ ~ '^s)^^ modulo a nonvanishing 
factor. If y e [/ is arbitrary and a' £ Ds,e ^ singj(7'y), then the same argument 
gives that 

dim{0 e iis,y ■■ pok{(l)) = {cr'}} 

is equal to the order of vanishing of qs{y,-) at a'. Since Kg^y is the direct sum 
of these spaces, the dimension of ^s,y is the number of zeros, dg again, of Qsiy, ■) 
counting multiplicity. Thus dim.^s^y = dg. 

We now show that there is a neighborhood U' of yo in U such that the ds 
functions (?;,■) are linearly independent for every y G U'. If not, there is a 

sequence {yk}kLi C U converging to yo and for each k, numbers a^!^ not all zero, 
such that 

We may assume X^^ fcki'^P = 1 ^^'^ then, passing to a subsequence, that the 
sequence {oj.'^}^! converges, say limfc_j.oo a^'^ = a^'^. The functions </>j^| are in 
particular defined and continuous when e/2<|(T — (Ts|<£, so 

= lim V a^'Vfl {yk, ■) = y] a^'^<^fl (^o, 

if |(T — (Ts| > e/2 (see Remark l4.6p . Since the (yo, cr) are meromorphic in C, the 
equality holds everywhere. Since not all aj^i are zero, we reach the conclusion that 
the elements (14. 4p are linearly dependent, a contradiction. Thus it must be that 
the <j)j ^{y, •) are linearly independent for y near j/g- This completes the proof of 
the lemma. □ 



Replacing U by U' allows us to assume: 
(5) the elements (j)^^ form a basis of Rs,y for each y £ U and s — 1, . . . , S*. 

The elements form a basis of ^s,y for each y U and s = 1, . . . , S. (4.8) 

Suppose now that (f) G {U; J(f). Passing to trivializations, there is a smooth 
function 

u:{Ux S)\singg(7') ^ V 
such that Vy — VyUy is holomorphic in S for each y G U and 

(/) = ss(w) 

The function is meromorphic in S with poles in singj(Py). We will omit y and ct 
from the notation in the following few lines. Decomposing u pointwise over U x Ds^e 
as 

according to Kg © K;}- ~ T), similarly 

V = v^'^ + v^" , 

we obtain using (|4.ip that 
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Since (ps,2)^^(^^^) is smooth onU x Ds,£ and holomorphic in the second variable, 

modulo a smooth function on U x Dg ^ depending holomorphically on a. Since 
Sd^ ^u^' is an element of ^s,y for each y £ U, Lemma l477l (i.e. Condition (5)) gives, 
for each such y, unique numbers fi'^{y) such that 

that is, 

is holomorphic in cr for each y when a G Ds.e- So the same is true of 
hence passing to singular parts and adding we also have, with 

^ = E/i''«i -^D.APhrVss^fj), (4.9) 

that Uy — 4>y is holomorphic in IJ^ for each y d U and s = 1, . . . , S. Using 
that, as a consequence of (12. 3p . speC(,(Py) C IJ^D^.e, we conclude that Uy — (f)y is 
holomorphic in E. It follows that the elements 

cj^l, = ^fl - sz,,,. {{Pi2)-Vs,i^fl) (4.10) 

with s = 1, . . . ,S, j — 1, . . . , Js, £ — 0, . . . , Lgj — 1, form a basis of Jfy for each 
y G U. By means of the trivialization of J^/fi over U we view 0* ^ as an element of 
^°°{U;Jf) with singularities within U x 

5. Smoothness of transition functions 
The proof of the following theorem will complete our proof of Theorem 13.21 

Theorem 5.1. The ipj^ in (|4.10p are elements of {U ] ,J^) giving a basis of Jfy 
for each yeU. If (j) e {U ; J^T) then 

= E/^''% Vyet^ (5.2) 

with smooth functions f^'^ : t/ — > C. 

Proof. We have already seen that, as a consequence of Condition (5) in the previous 
section and (14. 9p . if G ^°°{U ; J^) then there are unique functions /|'^ : t/ — ?• C 
such that (|5.2I) holds. The task now is to show that the /|'^ are smooth. 

Define J^* to be the meromorphic kernel bundle of this will not necessarily 
be the dual bundle of but the notation is convenient. The following theorem is 
the key result. 
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Theorem 5.3. Let ^ S 6e open with smooth positively oriented boundary and 
sing(,(^y) C r2. The sesquilinear pairing 

1 { (5.4) 

da 

is nondegenerate. 



The theorem is proved below. Assuming its validity, we proceed as follows. 
Reverting to trivializations, write V*{a) (with cr G S) for the local version of ^*(cr) 
over U . Possibly after shrinking U about j/o we can carry out the constructions we 
did for 'P(ct) in obtaining the elements 0^^, to obtain elements 

giving a pointwise basis of over U . In doing this we note that sing^(i3^*) is 
the conjugate set, singj(^j,), of singf,(^j^) and take advantage notationally of the 
fact that by [U Lemma 6.2] we can use the same indices s, j, £ as for the 0*^. We 
also arrange that the singularities of ■0^'^ lie within U x e/2i the "conjugate" of 
U X D,,,/2. 

If G S°°(C/, Jf) and i! e B°°{U, JT*), then 

U3y^ my),i'{y)]l = 2^E£^ {^{y,<j),P;{a)i^{y,a))^^d<j e C 

is smooth, simply because the integrand is smooth in the complement in [/ x E of 
singg(^) D {U x E). Consequently, the functions defined by 



are smooth, as are the functions 

bi/{y) = my),4'''iy)t 

Since the ^{y) and 0^,'^ {y) form bases of, respectively J(fy and J^*, the nondcgen- 

eracy of (|5.4p implies that the matrix a — [a*;"'^'^ ] is nonsingular. If </> g ^°°{U] J(f) 
then (|5.2p gives 

Since a is nonsingular and its entries and those of & = [6^^,'^ ] are smooth, so are the 
/|'^. This completes the proof of Theorem l5.ll □ 



Proof of Theorem \5.3[ The assertion is a pointwise statement, so we may assume 
y = yo throughout the proof to take advantage of the notation introduced so far; 
we also work with the trivializations near yo of the various Hilbert space bundles. 
The proof we give here collects arguments spread throughout Sections 5, 6, and 7 
of [1], used there to prove an analogous statement. Our notation here is slightly 
different from the one used there. 

If € '^yoi then (f) — ^'^ with (f)" = Sd^ ^4>- The element (f)^ has a pole only 
at CTo and is of the form 
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with a unique 4> " £ ^s,yo, that is, 

Sd.,,*P.'/''^^ = and si5,..0^-' =0^=. 

For each CTs G singj(^yQ), the operator Vy^{(T) — Vyoi'^)* decomposes near Wg 
in the same fashion as Vy{a) in (|4.1I) . namely 

where is the subspace of Hi orthogonal to Kg (so K;}- = n T>). Let 

i3s = q^,i-q^,2(qi2)"'qM (5-5) 

and note in passing that — *Ps (o-). An arbitrary element of ^* decomposes 

as '0 = X] V's where i/'s = s^j '0 t^^-s pole only at 'Wg and has the form 

again with a unique 

We will first show that with e .J^f, and V' G -^*, decomposed as indicated, 

[<^'^]^ = ^Ej^ (0^^(a),0,(a)V';^,^(a))^^da (5.6) 

where 7s = dDg^e with counterclockwise orientation. 

The integrand in (15. 4p at ?/o is meromorphic in E with poles at the various as, 
so equal, after trivializations, to 

We have 

•'Is 

= <f {cl^'<^{a)-{pl,)-V,^i^^^{a),rlia)m)H/'' (5-7) 

because the difference of the integrands in the left and the right hand sides is 
holomorphic near -Ds,e- The right hand side of this identity is in turn equal to 

/ (7',„(a)(<^^-(a) - (p^,2)-ip^>^-(a)),V'(a))^^da 

•lis 

The argument justifying the equality in (j5.7p now gives that the last integral is 
equal to 

•lis 



qii qi2 
qii qL 
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Consequently, 

'7s 

In view of (|5.5p . 
hence 

which gives (|5.6D . Note that 

"'7s 

We now show that for each s, the pairing 

is nondegenerate; this is Theorem 6.4 in [3]. By Lemma 6.2 of that paper, there 
are -0^^ (yo, c) meromorphic in C with pole only at ct^, of order Lsj", such that 

(a') 7/;^l(?/o,o-) = s-D^.^lC^^ ~^s)Vfl,°(yo,cr)), J = 1, . . . , J^, = 0, . . . , ^ - 1 
is a basis of .ft! 



(b') the values of the (cr — o's)'^'^ '^ '!/'/{i (yo, o") at CTs from a basis of i?^ 
(c') the values of 

at form a basis of Ks , and 



a^'-'"(a)=Q,(yo,^)V'i^°(yo,^) (5.8) 



(d') each of the functions 

(TH> ((ct - (Ts)^ = '^'0j^o(yo,cr),i3s(yo,o-)0^1°(CT))^_^, j,/ = l,...,Js 

is holomorphic in a neighborhood of the closure of -Ds.e with value 5jjt at 
cr = (Ts. 

Properties (a')-(c') are the analogues for 0^ of the properties of the (l>fi- The 
fourth property links the two bases in a convenient manner. 
Suppose 

Then 

i I n' P "'7s 



THE KERNEL BUNDLE OF A HOLOMORPHIC FREDHOLM FAMILY 



13 



The difference 

is holomorphic in a neighborhood of -Ds,e, so 

By virtue of (d') the last integral vanishes unless j = j' and ^ + ^' = L^- — 1 in which 
case the value is 27ri. Thus we arrive at 

[<^^%V'«^]l,o = ^EE/^''5„L,-.-i. 

J = l <?=0 

It follows immediately that the condition [^^'iV'fi^lsyo ~ ^ ^'^^ ^ ^ -^s.i/o 
implies (f)^' = 0. This completes the proof of Theorem 15.31 □ 



6. The trace bundle of a wedge operator 

Let be a manifold whose boundary M = dM fibers over a connected manifold 
y with typical fiber Z, assumed to be compact: 

P (6.1) 

y 

Let F ^ M. he vector bundles. Recall that a wedge differential operator on 
M is an operator A G a;-™ Difr^(A4; i^) where Diff™(A4; i^) is the class 
of edge-differential operators with boundary structure associated to (|6.ip defined 
by Mazzeo [8]; here and throughout the rest of this section, x denotes a defining 
function of M which is positive in M . The notion of w-ellipticity of A, invariantly 
defined in Section 2], is equivalent to ellipticity of x"^A in the sense of Mazzeo 
(op. cit., p. 1620). Examples of these operators include regular elliptic operators on 
a manifold with boundary (where Z reduces to a point) and elliptic cone operators, 
where y is discrete. We will assume in this section that A is ui-elliptic. 

Let TT : A/"^ N he the closure of the inward pointing normal bundle of A/", an 
S+ bundle, E'' = TT*E, likewise F^, let Zy = p-\v), Z^ = T^'^Zy, Ez, = E\z^, 
similarly iJ^A ■ 

The normal family of A e a;"™ Diff™(7W; F), see [J, Definition 2.13], is an 
invariantly defined family of cone operators 

T*y3r)^Ar,{n)^ Diff r (Z; ; E%^ , ) . 

This family along the zero section of T*3^ gives a family y ^ ^Ay of cone-differential 
operators. 
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Fix 7 G M and let S^y denote the set of sections of i?^^ which are finite sums of 
the form 

u= J2 I]a,,^<log'a:A (6.2) 

o-Gspec.C'P^) 
7— m<£rcr<7 

that satisfy ''AyU ~ 0. Here '^Py — x"''''Ay, an eUiptic 5-operator for each y E y. 
The function : AA^ — 5- K is smooth and Hnear in the fibers, positive off the zero 
section (take = dx for instance) and the a^^i are smooth sections of E along 
Zy = p~'^{y)- Let 

yey 

and let TTy : £^ y be the canonical map. 
Define 

spec, (A) = {{y,a) e y x C : a e spec^CPy)}. 

Theorem 6.3. Suppose that A e x^"^DiS'^{M;E,F) is w-elliptic and 

speCg(A) n (3^ X {(T G C : 3(7 = 7, 7 - m}) = 0. (6.4) 

Then ny : ^ ^ y is a smooth vector bundle over y, the trace vector bundle of 
A. The C°° sections of are the sections pointwise of the form (j6.2p which are 
smooth as sections of overAf^. 

This is an application of Theorem 13.21 Let ^y be the indicial family of ''Py , 
namely S^yip) is the restriction of to the space of distributional sections 

of along Zy. Let M{^y = L'^{Zy;Ezy), ^2,y = L'^i^^y', Pzy), and &y is the Sobolev 
space H'^{Zy; Ez^)- These are the fibers of Hilbert space bundles J^i, M2 — y, see 
[3l Section 3] and a set-theoretical subbundle Si C Mi . Because the trivializations 
of ^ and ^ are constructed using diffeomorphisms trivializing M ^ y^ S \s & 
bundle with fiber H'^{Z, Ez) where Ez is bundle-isomorphic to the restriction of 
E to some fiber oi p : J\f ^ y. The properties required in Section [5] hold here for 
^ on 3^ X E, where 

S = {o'eC:7 — m< Qcr < 7}. 

Since smgi,{^y) = spec^^'Py) n E, 

speCg(A) n (3^ X S) = sing,(^). 

The hypothesis (|6.4p and the ellipticity of A imply that (|2.3p holds, so we have a 
well defined smooth vector bundle associated with 

We now define a bundle isomorphism J(f — > Given y E y and <j) E Jt^y let 

Sy{cl)) = :^ <f x'^ct>{<j)da. 
Ztt Jr 

Here F is a simple closed smooth curve enclosing singf,(Py) n S and the integral 
is computed with the counterclockwise orientation. Then Sy{(f>) has the form (16. 2p 
and since 

%Syi(f>) = ^j> x"'^y{a)(l){a)da 
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vanishes because the integrand is entire, Sy{(j)) £ -S^y- li u £ S^y and is a cut-off 
function equal to 1 near x/\ = Q, then the singular part of the Mellin transform of 

LOU, 

Jo a^A 
is an element of J(fy such that Sy{(j>) = u. So is a fiberwise isomorphism which 
we may use to give ^ the structure of a C°° vector bundle. It is easy to see that 
S maps 3§°°{y;J^) into elements pointwise of the form (j6.2[) that are smooth as 
sections of over Af^ , so the smooth structure of 3^ induced by that of J(f is the 
same as one would obtain from declaring as smooth the aforementioned sections. 

7. Example 

The following example is a toy model of the situation that arises in the analysis 
of a boundary value problem for a symmetric second order elliptic operator near 
the boundary, y, (codimension 2) of a codimension 1 smooth submanifold C of the 
ambient manifold, with Dirichlet condition along C. 

Let 3^ be a compact connected manifold and let i? ^ 3^ be a Hermitian complex 
vector bundle. Further, let a £ C°°(3'; End(i5)) be a self-adjoint section. Let 
p : 3^ be the Hilbert space bundle whose fiber over y £ y is the space of 

i?y-valued functions on [0,7r]: 

defined using the Lebesgue measure on [0,7r] and the Hermitian product on Ey. 
The unitary trivializations of — ?> y are obtained from those oi E y. Let 

% = {0 e L\[0, 7T];Ey) : G H\[0, 7T];Ey), 0(0) = 0W = 0}. 

Here H^{[0, tt]; Ey) is the Sobolev space of order 2. Define 

s>=\J:^y, 

a set-theoretical subbundle of J^. 
Define 

^(ct) : ^ C ^ ^ 

as 

^y{a) = D"^^ + a + . 

Thus ^j,(a') is closed, densely defined and Fredholm of index zero. The graph 
norms of the ■^yi'r) are all equivalent to each other. Further, the adjoint family 
3^* has the same properties. So the results of the Sections S] and [S] are applicable 
relative to open sets E C C satisfying (|2.3p . 

To see that such open sets exist we describe sing^(i3^y) explicitly in terms of the 
eigenvalues of a{y). Decomposing Ey as a direct sum of eigenspaces of a{y) the 
problem becomes a family of scalar problems 

{D^, + fij + a^)^ ^ 0, 3^l,...,Jy 

where the /ij are the eigenvalues of aijj). This equation has a nonzero solution with 
0(0) = (/.(vr) = if and only if -/i^ - cr^ = fc2 ^j^j^ fc e N. Thus 

singb(^j^) = {±i\//7+fc2 : ^ e spec(a(?/)), k e N}. 
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Since 3^ is compact, the norm of a is bounded, say tr(a*a) < . Then the 
eigenvalues of a(]j) he in the interval (— r, r) and consequently, the numbers ^ + k^, 
fj, e spec(a(y)), lie in the interval Ik = {k'^—r, k'^ + r). This interval and the interval 
Jfe+i are disjoint if and only if fc > (2r — l)/2. This condition on /c € N ensures 
that no point of singg(^) belongs to the set y x d'E where 

S = {(7 G C : < + k + 
since fc^ + fc + 1/2 is the midpoint between k'^ +r and {k + 1)^ — r. 
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